In this paper, the key ideas of characterizing universality classes of dissipationfree (incompressible) quantum Hall fluids by mathematical objects called quantum Hall lattices are reviewed. Many general theorems about the classification of quantum Hall lattices are stated and their physical implications are discussed. Physically relevant subclasses of quantum Hall lattices are defined and completely classified. The results are carefully compared with experimental data and also with other theoretical schemes (the hierarchy schemes). Several proposals for new experiments are made which could help to settle interesting issues in the theory of the (fractional) quantum Hall effect and thus would lead to a deeper understanding of this remarkable effect.
INTRODUCTION: EXPERIMENTAL FACTS AND THEORETICAL IDEAS
In this paper we describe a classification of (universality classes of) dissipation-free (incompressible) quantum Hall fluids in terms of arithmetic invariants connected to integral lattices. The key insight will be that the theory of certain classes of integral lattices organizes experimental data in an efficient and accurate way. We emphasize that the appearance of integral lattices in the theory of the quantum Hall (QH) effect is not the consequence 6f queer mathematical fantasizing devoid of physical insight, but is the consequence of some fundamental physical principles and Fr6hlich et at.
properties, such as the absence of dissipation in an incompressible QH fluid, electromagnetic gauge invariance, parity and time-reversal breaking of the quantum mechanics of charged particles in an external magnetic field, and the Fermi statistics of electrons. It is our aim to show that integral lattices are fundamental to the theory of the QH effect. It will therefore be impossible to spare the reader a certain amount of mathematical reasoning involving lattice theory. The integer QH effect was discovered by yon Klitzing and collaborators 15 years ago, the fractional effect by Tsui and collaborators in 1982; see ref. 1. Since then this remarkable effect of non-relativistic many-body physics has posed numerous and diverse challenges to experimentalists and theoreticians. As theorists, we should sadly confess that we have anticipated few of the real surprises.
Experimentally, the QH effect is observed in two-dimensional systems of electrons and/or holes confined to a planar region /2 and under the influence of a strong, uniform magnetic field B,. transversal to /2. Such systems can be realized as inversion layers forming at the interface between an insulator and a semiconductor when an electric field (gate voltage) perpendicular to the interface is applied. Imagine that the sample is rectangular, with ~2 contained in the (x, y)-plane. By tuning the total electric current I = (I,., I,,) to some value and measuring the voltage drops V,-and V,~ in the x and y directions of the plane of the system, we can determine the resistances R,-.,., R.,.,, and RH from the equations V.,. = R,..,.I.,. -R,I,. 
